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We study three-leg-ladder optical lattices loaded with repulsive atomic Bose-Einstein condensates
and subjected to artificial gauge fields. By employing the plane-wave analysis and variational
approach, we analyze the band-gap structure of the energy spectrum and reveal the exotic swallow-
tail loop structures in the energy-level anti-crossing regions due to an interplay between the atom-
atom interaction and artificial gauge field. Also, we discover stable discrete solitons residing in a
semi-infinite gap above the highest band, these discrete solitons are associated with the chiral edge
currents.
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I. INTRODUCTION
It is of great interest in realizing gauge potentials for
neutral atoms [1–4], which may open a way to mimic the
effects of magnetic fields acting on charged particles via
neutral atomic systems. The gauge potentials bring non-
trivial characters for single-particle dispersion and induce
several novel quantum phenomena from single- to many-
body levels. Also, the spin-orbital (SO) coupling may
give rise to double-well dispersion structure and Dirac
points, which lead to anisotropic critical superfluid ve-
locity [5], zitterbewegung effects [6, 7] and semiclassical
spin Hall effect [8]. Taking into account the atom-atom
interactions in the SO coupled Bose-Einstein condensates
(BECs), there appear several macroscopic quantum phe-
nomena including vortices [9, 10], monopoles [11], do-
mains [12], skyrmions [13], and solitons [14, 15].
More recently, the artificial gauge fields in optical lat-
tices have attracted extensive attentions. The effective
magnetic fields in optical lattices have been achieved
by laser-assisted tunneling [16–19] and dynamical shak-
ing [20, 21]. In addition, the artificial gauge fields have
also been created in optical superlattices [22] and in op-
tical lattices with synthetic dimension [23–25]. These
lattice systems with artificial gauge fields are well suit-
able for exploring the Hofstadter butterfly [26], quantum
Hall states [27], topological insulators [28] and topolog-
ical phase transitions [29–31]. In particular, it has been
demonstrated that the gauge fields may induce exotic
chiral currents [22] and chiral edge states [24, 25].
Due to the atom-atom interaction, these systems pro-
vide a promising platform to explore the interplay be-
tween gauge field, nonlinearity and lattice potential. It
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has been demonstrated that, due to the interplay be-
tween nonlinearity and lattice potential [32, 33], exotic
swallow-tail loops appear in the band-gap structures [34–
38]. Moreover, due to the balance between nonlinear-
ity and dispersion, spatially localized nonlinear modes
can exist in the forbidden gap [39–41]. In the last three
years, many interestingly macroscopic quantum phenom-
ena of BECs in optical lattices subjected artificial gauge
fields have been explored. Lots of stable gap and gap-
stripe solitons in SO coupled BECs in spin-dependent
optical lattices, which can be classified according to phys-
ical symmetries, have been found [42, 43]. Based upon
a generalized discrete nonlinear Schrodinger equation in-
cluding various types of SO couplings, it has been demon-
strated the existence of discrete solitons with different
miscibilities [44] and symmetries [45]. However, there are
still many important open questions, such as, (1) How the
interplay between the gauge field and the nonlinearity af-
fects the band-gap structure? and (2) Are there stable
chiral discrete solitons in the energy gap?
In this paper, we consider atomic BECs in a three-
leg ladder model with an artificial magnetic flux and
study their band-gap structures and chiral discrete soli-
tons. We find that, due to an interplay between the non-
linear atom-atom interaction and artificial gauge fields,
swallow-tail loops appear in the band-gap structures. In
addition, we numerically demonstrate the existence of
stable discrete solitons in the semi-infinite gap above en-
ergy band. In a contrast to the solitons studied earlier,
the discrete solitons in our system show chiral edge cur-
rents. Moreover, different from the uniform chiral edge
currents in a non-interacting system, the chiral edge cur-
rents in our system are spatially localized in the discrete
solitons. Additionally, we analyze stability of the discrete
solitons by employing the linear stability analysis.
The paper is organized as following. In Sec. II, we
2describe our model. Based upon the stationary extended
states, we give the band-gap structures for different gauge
fields and interaction strengths in Sec. III. In Sec. IV, we
study stable discrete solitons and discuss their properties.
Finally, we summarize our results in Sec. V.
FIG. 1. (Color online) Schematic diagram for a three-leg BEC
ladder subjected to artificial gauge field with a flux of φ per
plaquette. Here J and K denote respectively the intra- and
inter-chain tunneling strengths. The colors red, green, blue
stand for the atoms in the three chains respectively. The on-
site interaction strength is represented by g.
II. MODEL
We consider atomic BECs held in a three-leg lad-
der subjected to an artificial uniform magnetic field, see
Fig. 1. Under the tight-binding condition, the system
obeys the following Hamiltonian:
H =− J
Lx∑
l=1
1∑
m=−1
(e−imφbˆ†l+1,mbˆl,m +H.c.)
−K
Lx∑
l=1
1∑
m=0
(bˆ†l,m−1bˆl,m +H.c.)
+
g
2
Lx∑
l=1
1∑
m=−1
nˆl,m(nˆl,m − 1).
(1)
Here, bˆl,m annihilates a boson on the site (l,m), nˆl,m =
bˆ†l,mbˆl,m is the particle number operator, the on-site inter-
action strength g is determined by the s-wave scattering
length, J exp(−imφ) and K are respectively the intra-
and inter-chain hopping strengths, and φ is the artifi-
cial magnetic flux which can be created by using laser-
assisted tunneling [22] . Obviously, when a particle hops
around a plaquette, the accumulated phases sum up to φ,
which provides an uniform effective magnetic field to the
system. Without loss of generality, we consider each leg
has Lx sites and label the three legs with m = {−1, 0, 1}.
Experimentally, the inter-chain hopping strength K can
be manipulated by adjusting the intensity of the lasers
which create the optical lattice, the intra-chain hopping
strength J and the flux φ can be tuned by adjusting the
amplitude and angle of the Raman lasers respectively,
and the on-site interaction strength g can be controlled
by utilizing the Feshbach resonance [46].
For the weakly interacting systems, the above Hamil-
tonian can be analyzed by the mean-field (MF) approach.
In the MF treatment, one can adopt the Glauber’s co-
herent states as the variational trial states, that is,
|Φ〉 =
⊗
l,m
|Ψl,m〉,
|Ψl,m〉 = e− 12 |Ψl,m|
2
∞∑
n=0
(
Ψnl,m√
n!
|n〉).
(2)
Here, Ψl,m = 〈Φ|bˆl,m|Φ〉 and Ψ∗l,m = 〈Φ|bˆ†l,m|Φ〉 are the
order parameters for the site (l,m). Therefore the system
obeys the MF Hamiltonian,
H =− J
Lx∑
l=1
1∑
m=−1
(e−imφΨ∗l+1,mΨl,m +H.c.)
−K
Lx∑
l=1
1∑
m=0
(Ψ∗l,m−1Ψl,m +H.c.)
+
g
2
Lx∑
l=1
1∑
m=−1
|Ψl,m|4 .
(3)
Assume the total particle number is N =
∑
l,m |Ψl,m|2,
the average particle number per site is given as n =
N/3Lx. Below, for simplicity, we adopt the parame-
ter J as a unit to rescale the other parameters. Obvi-
ously, for the evolution time, it will be rescaled in unit of
ω−1J = ~/J .
III. BAND-GAP STRUCTURE
Here, we show how the band-gap structure is affected
by the interplay between the nonlinearity and gauge
fields. To give the band-gap structure, one has to im-
pose the periodic boundary condition on the chain di-
rection, which ensures the translational invariance along
that direction. For our nonlinear lattice system, there
may appear two typical kinds of stationary states: the
extended states in form of plane waves which preserve the
symmetry of the Hamiltonian, and the spatially localized
state such as discrete solitons which do not preserve the
symmetry of the Hamiltonian. The band-gap structure
is determined by the extended stationary states.
In the absence of interaction, the dispersion relation
can be directly given by diagonalize the second quantized
Hamiltonian (1). Attribute to the translational invari-
ance, the quasi-momentum k along the chain direction is
a good quantum number and its first Brillouin zone can
be given as [−pi, pi]. Based upon the Fourier transform,
bˆl,m =
1√
Lx
∑
k
eiklaˆk,m, k = 2pin/Lx,
n =
(
−Lx
2
,−Lx
2
+ 1, ...,
Lx
2
− 1
)
.
(4)
3the Hamiltonian (1) can be written as
Hˆ =
∑
k
∑
m
[−K(aˆ†k,maˆk,m+1 +H.c.)
− 2Jaˆ†k,maˆk,m cos(k +mφ)].
(5)
As the quasi-momentum k is a good quantum num-
ber, the corresponding Hamiltonian for a specific quasi-
momentum k reads as
Hˆk =
∑
m
[−K(aˆ†k,maˆk,m+1 +H.c.)
− 2Jaˆ†k,maˆk,m cos(k +mφ)].
(6)
In the basis {|m〉 = aˆ†k,m|0〉} (where |0〉 is the vacuum
state), the matrix elements for Hˆk are given as
〈m1|Hˆk|m2〉 =−K(δm1+1,m2 + δm1,m2+1)
− 2Jδm1,m2 cos(k +m1φ).
(7)
The dispersion relation (band-gap structure) can be ob-
tained by calculating the eigenvalues of Hˆk. In Fig. 2 (a),
(b) and (c), given J and K, we show the dispersion rela-
tion (red dashed lines) for different fluxes φ. The energy
spectrum contains three bands, in which the energy gaps
are determined by the inter-chain tunneling strength K.
The gauge field shifts the band minimum from the zero
momentum states to nonzero momentum states. Fixing
the hopping strengths J and K, when the gauge field φ
increases, the lowest band changes from a single-well to
a triple-well structure and the second band changes from
a single-well to a double-well structure. This dispersion
resembles the one for SO coupled spin-1 BECs [47].
Taking into account the atom-atom interaction, al-
though the quasi-momentum k is still a good quantum
number, it is difficult to directly diagonalize the eigen-
equations for each k. However, one can obtain the dis-
persion relation by using the variational method, which
request to give an initial guess of the stationary states
and then solve the variational equations by extremizing
the energy function. For a given quasi-momentum k, we
introduce the variational ansatz as,
Ψkl,m =
√
N
Lx
akme
ikl. (8)
Here, k = 2pin/Lx with n =
(−Lx
2
,−Lx
2
+ 1, ..., Lx
2
− 1)
and akm are complex amplitudes satisfying the normaliza-
tion condition,
+1∑
m=−1
∣∣akm∣∣2 = 1. (9)
Inserting the variational wave function (8) into the MF
Hamiltonian (3), the energy function is given as,
E(k) =− 2JN
∑
m
∣∣akm∣∣2 cos(k +mφ)
−KN
∑
m
[(akm−1)
∗akm + c.c.] +
gN2
2Lx
∑
m
∣∣akm∣∣4 .
(10)
One can use the Lagrange multiplier method to extremize
the energy function (10) under the normalization condi-
tion (9). By introducing a new variable λ, we construct
the Lagrange function,
I = E − λ(1 −
∑
m
∣∣akm∣∣2), (11)
with the energy per atom E = E/N . For a stationary
state, the derivation of the Lagrange function to the vari-
ational variables (λ, {akm}) should be zero. Therefore, we
can get the variational equations,
−2Jakm cos(k +mφ)−K(akm−1 + akm+1)
+3gn
∣∣akm∣∣2 akm + λakm = 0, (12)
for a given quasi-momentum k. Combining the varia-
tional equations with the normalization condition, one
can determine the values of akm and then give the disper-
sion relation.
In Fig. 2, we show the band-gap structures for different
interaction strengths gn/J and different magnetic fluxes
φ. For noninteracting systems, the analytical band-gap
structures can be obtained by exactly diagonalizing the
Hamiltonian matrix (7). When the magnetic flux φ in-
creases, the lowest band gradually changes from a single-
well shape to a three-well one and the second band gradu-
ally changes from a single-well shape to a double-well one.
To check the validity of our variational method, we also
numerically calculate the corresponding band-gap struc-
tures by using our variational method. We find that our
numerical results are well consistent with the analytical
ones, see the top row of Fig. 2.
Then we calculate the band-gap structures for inter-
acting systems. Without loss of generality, we focus on
discussing the repulsive interaction. It is known that, for
atomic BECs in one-dimensional optical lattices without
gauge fields, the atom-atom interaction may result the
appearance of swallow-tail loops at the avoided cross-
ing points [34–37]. Here, for atomic BECs in our three-
leg ladder, there is no swallow-tail loop structure if the
gauge field is absent (see the left column of Fig. 2). How-
ever, if the gauge fields are introduced, swallow-tail loop
structures appear due to the cooperation between the
gauge fields and the atom-atom interactions [see panels
(e), (f), (h) and (i) of Fig. 2], in which the per-particle
interaction energy (gn) is competitive with respect to
the per-particle hopping energy (J,K). The interaction
energy can influence the distribution of the atoms and
4FIG. 2. (Color online) Band-gap structures for different interaction strengths and magnetic fluxes. The three columns corre-
spond to the magnetic flux φ = 0,pi/4 and pi/2, respectively. The three rows correspond to the interaction strength gn/J = 0,
0.4 and 0.8, respectively. (a)-(c) show the dispersion relations for the non-interacting system (i.e. g = 0), in which the dashed
red and black solid lines respectively denote the analytical and variational results. Other parameters are chosen as: K/J = 0.5,
N = 10000.
at the same time itself also depends on the local atomic
number, so that, the corresponding stationary states will
be very different from the noninteracting case and there
may appear extra stationary solutions which induce the
swallow-tail loop structures. Given nonzero magnetic
fluxes: φ = pi/4 (middle column) and φ = pi/2 (right
column), in the vicinities of the level crossings, the up-
per bands become sharper, the low bands become flatter
and swallow-tail loop structures appear in upper bands,
when the interaction strength increases from gn/J = 0
(first row) to 0.4 (second row) and then 0.8 (third row).
It should be pointed out that the attractive interaction
may also bring swallow-tail loop structures at the avoided
crossings, however, those swallow-tail loop structures ap-
pear in lower bands instead of upper bands.
The positions of the swallow-tail loop structures are
determined by the magnetic flux φ. To have a better
understanding, we consider the case of no inter-chain
tunneling (K = 0) at first. Thus the three chains are
decoupled and all three chains have sinusoidal disper-
sion relations whose minima are shifted in different di-
rections. There are crossings between three dispersion
curves and the crossing positions are determined by φ.
If φ = 0, the three dispersion curves completely overlap
each other. If φ 6= 0, the three dispersion curves cross
at the points where k = 0,±pi,±φ/2 and ±(pi − φ/2).
Nonzero inter-chain tunneling (K 6= 0) will open these
crossings and sufficiently strong interaction will induce
swallow-tail loop structures in these opened crossings.
Different from the multi-band systems of BECs in one-
5dimensional optical lattices without gauge field, whose
swallow-tail loop structures appear at the center and/or
boundary of the Brillouin zone, the swallow-tail loop
structures in our system may appear at arbitrary po-
sitions in the Brillouin zone by adjusting the magnetic
flux φ.
IV. CHIRAL DISCRETE SOLITONS
In addition to the swallow-tail loop structures, which
can be understood as a kind of macroscopic quantum
self-trapping caused by the nonlinearity, spatially local-
ized in-gap modes may appear as a result of the balance
between the dispersion and the nonlinearity. For BECs
in an optical lattice, the hoppings between different lat-
tice sites play the role of dispersion and the atom-atom
interaction brings the nonlinearity and stationary gap-
solitons have been observed in experiments [41]. For
a deep optical lattice, by expanding the wave-function
with the Wannier states, one can get a discrete non-
linear Scho¨rdinger equation and the localized states in
such discrete system are called discrete solitons. On the
other hand, the gauge fields may bring novel chiral behav-
iors [22, 24, 25]. It is still unknown that how the gauge
fields affect the spatially localized modes of BECs in an
optical lattice? Below, we will study the spatially local-
ized modes in our three-leg BEC ladder subjected gauge
fields and explore the existence of stable chiral discrete
solitons.
From the MF Hamiltonian (3), we have the complex
amplitudes Ψl,m obey the time-evolution equations,
i
dΨl,m
dt
=− J(e−imφΨl−1,m + eimφΨl+1,m)
−K(Ψl,m−1 +Ψl,m+1) + g |Ψl,m|2Ψl,m.
(13)
It is difficult to get analytical soliton solutions for the
above nonlinear discrete Schro¨dinger equations. There-
fore one has to employ numerical technique to find soli-
ton solutions, such as, the Newton-conjugate-gradient
method [48], the modified squared-operator method [49]
and the imaginary-time propagation method. In our
calculation, we choose the parameters as φ = pi/2 and
gn/J = 0.006. We find that discrete solitons localize in
both chain and rung direction, with their centers in either
the bulk chain (m = 0) or the edge chains (m = ±1), as
shown in Fig. 3(b) and (c). The density profile of the dis-
crete solitons have a bell shape along the chain direction
and can be well fitted by a sech2 function. The soliton
width decreases quickly as the interaction strength in-
creases and finally all atoms will stay in a single site for
sufficiently strong interaction.
Because of the repulsive interaction, the discrete soli-
tons all exist in the semi-infinite gap above the highest
band. As a result of the gauge field, our numerical results
show that the soliton phase linearly changes along chain
direction. This means that the discrete solitons can be
described by
Ψl,m = fl,me
ikl, (14)
in which fl,m are real amplitudes and e
ikl describe the
phase distribution. The linear phase distribution in-
dicates that each discrete soliton has a certain quasi-
momentum and energy. In Fig. 3(b) and (c), we show
the density profiles of two discrete solitons, whose quasi-
momenta and energies are respectively labelled by the
green and red triangles in the band-gap structure shown
in Fig. 3(a). Obviously, the discrete solitons exist in
the semi-infinite gap above the maximums of the highest
band. In comparison with the extended states for the
corresponding quasi-momenta, the discrete solitons have
similar population distribution in the rung direction but
are spatially localized in the chain direction.
Now we discuss how the particle currents of the discrete
solitons depend on the gauge field. In a non-interacting
three-leg ladder, chiral edge currents have been observed
in the quench process [24, 25]. Similarly, for our MF
system, one can define the currents as
jl,l+1;m = iJ(Ψ
∗
l+1,mΨl,me
−iφm − c.c.),
jl;m,m+1 = iK(Ψ
∗
l,m+1Ψl,m − c.c.),
(15)
where jl,l+1;m stands for the currents along chain direc-
tion and jl;m,m+1 is the currents along the rung direction.
The average currents in each chain read as
jm =
1
Lx
∑
l
jl,l+1;m. (16)
and the net chiral current is given as, jC = j1 − j−1.
Through calculating the currents between all neigh-
boring lattice sites, we find that chiral edge currents are
still preserved in the discrete solitons, although they are
spatially localized. However, different from the extended
states, whose currents are uniform in the chain direction,
the currents of discrete solitons are spatially localized
currents along the chain direction. In Fig. 4, we plot
the current distribution of the discrete soliton shown in
Fig. 3(b). These currents show similar chirality as the
non-interacting systems, that is, the currents in two edge
chains (m = ±1) always flow in opposite directions and
there is almost no currents in the bulk chain (m = 0).
The current directions of discrete solitons depend on
the gauge field. When the magnetic flux φ changes its
sign, the currents will reverse their directions, which con-
firm such currents have chirality. Remarkably, since the
currents is not uniform along the chain direction any
more, there are nonzero currents along the rung direc-
tion to balance the currents flowing in and out each site.
Therefore, we call these discrete solitons of chiral currents
as chiral discrete solitons.
Since stable solutions are usually easier to be generated
and observed in experiments, it is crucial to analyze the
stability of the chiral discrete solitons we have got. Below
6FIG. 3. (Color online) Band-gap structure and the density
profiles of discrete gap-solitons. (a) Band-gap structure and
positions of discrete gap-solitons. (b) Density profile for the
discrete soliton localized in the bulk chain (m = 0), which is
labelled by the green triangle in (a). (c) Density profile for the
discrete soliton localized in the edge chain (m = −1), which is
labelled by the red triangle in (a). The parameters are chosen
as: N = 10000, K/J = 0.5, φ = 0.5pi and gn/J = 0.006.
FIG. 4. (Color online) Currents of the discrete soliton shown
in Fig. 3(b). (a) The currents along the chain and rung direc-
tion of the discrete soliton. (b) The schematic of the discrete
soliton and its currents. The area of each circle qualitatively
represents the atomic number for each lattice site. The direc-
tion and length of the arrows respectively denote the direction
and magnitude of the currents.
we will employ the linear stability analysis to analyze
the stability of our chiral discrete solitons under small
perturbations. We write the perturbed state in the form
of
Ψl,m(t) = e
−iµt(ψl,m + ul,me
λt + v∗l,me
λ∗t), (17)
with µ denoting the chemical potential. Here, the com-
plex amplitudes |ul,m| and |vl,m| are far smaller than the
stationary state ψl,m. Substituting the above perturbed
state into the time-evolution equations (13), one can lin-
earize the equations around the stationary state by re-
serving the linear terms of ul,m and vl,m. Comparing the
coefficients for the terms of eλt and eλ
∗t, one can obtain
the eigen-equation,
(−2ig |ψl,m|2 + iµ)ul,m
+ iJe−imφul−1,m + iJe
imφul+1,m
+ iKul,m−1 + iKul,m+1 − igψ2l,mvl,m = λul,m,
(2ig |ψl,m|2 − iµ)vl,m
− iJeimφvl−1,m − iJe−imφvl+1,m
− iKvl,m−1 − iKvl,m+1 + ig(ψ2l,m)∗vl,m = λvl,m.
(18)
According to the linear stability criteria, the stationary
state is stable if all eigenvalues {λ} are purely imaginary,
otherwise the stationary state is unstable if one or more
eigenvalues have nonzero real parts.
FIG. 5. (Color online) The linear-stability spectrum and the
long-time evolution of the perturbed discrete solitons. (a)
and (b): the linear-stability spectrum (blue points) for the
two discrete solitons shown in Fig. 3(b) and (c). (c) and (d):
the long-time evolutions of the perturbed discrete solitons.
Where, for simplicity, we only show the time-evolutions for
the chain of most atoms in each discrete soliton. The color
bar stands for the atomic number.
For the two discrete solitons shown in Fig. 3(b) and
(c), we calculate all eigenvalues {λ} by solving the eigen-
equation (18). The eigenvalues for these two discrete
solitons are shown in Fig. 5(a) and (b), respectively. We
find that all eigenvalues are purely imaginary numbers,
7which indicates that these two discrete solitons are lin-
early stable.
To check the validity of the linear stability analysis,
one can examine the stability of a stationary state via the
long-time evolution of the perturbed stationary state. By
imposing 1% random-noise perturbations onto the two
discrete solitons shown in Fig. 3(b) and (c), we simulate
their long-time evolutions, see Fig. 5(c) and (d). Our nu-
merical results show that the density profiles are almost
unchanged. This indicates that these discrete solitons
are stable under the small perturbations, which consist
with the predictions of the linear stability analysis. In
our simulation, we have chosen the running time as 5000
dimensionless time units. Considering the recent experi-
ment [22], the laser assisted tunneling amplitude J along
the chain direction is about 66Hz, which means that 5000
dimensionless time units is about 10s. Such a long time
is sufficiently long for manipulating and detecting these
chiral discrete solitons.
V. CONCLUDING REMARKS
We have studied the stationary macroscopic quantum
states of atomic BECs in a three-leg ladder subjected to
artificial magnetic fields. We have obtained the band-gap
structure for the extended states and explore the exis-
tence of the swallow-tail loop structures. Different from
the previous swallow-tail loop structures in the center or
boundary of the Brillouin zone, our loop structures may
appear at arbitrary positions determined by the gauge
fields. Moreover, we find that stable discrete solitons
may appear in the semi-infinite gap over the highest en-
ergy band and these discrete solitons have chiral edge
currents due to the presence of the gauge fields.
Based upon the current available techniques for ultra-
cold atom manipulations, we believe that it would be
possible to observe these novel chiral discrete solitons.
By combining the techniques of optical lattices with the
light modulated potential [50], the three-leg ladder can
be realized, by using laser-assisted tunneling [16–19] and
dynamical shaking [20, 21], for creating the desired gauge
fields. The swallow-tail loop structures can be demon-
strated by observing the adiabatic destruction of the
Bloch oscillation, and the localized chiral edge currents
can be detected through the quench dynamics [22]. Fur-
thermore, an N -leg ladder can also be realized by inter-
nal hyperfine states of alkaline-earth(-like) atoms [23], in
which the interaction have SU(N) invariance. Also, it is
interesting to explore how the gauge fields and SU(N)-
invariant interaction affect the band-gap structure and
spatially localized modes.
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